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Abstract The seasonal change in depths of the frozen and thawed soils within their active layer is

reduced to a moving boundary problem, which describes the dynamics of the total ice content using an

independent mass balance equation and treats the soil frost/thaw depths as moving (sharp) interfaces

governed by some Stefan-type moving boundary conditions, and hence simultaneously describes the

liquid water and solid ice states as well as the positions of the frost/thaw depths in soil. An adap-

tive mesh method for the moving boundary problem is adopted to solve the relevant equations and

to determine frost/thaw depths, water content and temperature distribution. A series of sensitivity

experiments by the numerical model under the periodic sinusoidal upper boundary condition for tem-

perature are conducted to validate the model, and to investigate the effects of the model soil thickness,

ground surface temperature, annual amplitude of ground surface temperature and thermal conductiv-

ity on frost/thaw depths and soil temperature. The simulated frost/thaw depths by the model with a

periodical change of the upper boundary condition have the same period as that of the upper boundary

condition, which shows that it can simulate the frost/thaw depths reasonably for a periodical forcing.

Keywords: frost and thaw depth, moving boundary, Stefan problem, heat and water transfer,

numerical solution
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1 Introduction

The freezing-thawing processes of water in soils including change of frost/thaw depths are
important components of terrestrial hydrology, which significantly influence energy and water
exchanges between land surface and sub-surface, as well as vegetation growth and organic
matter decomposition through thermal and hydrological processes[1]. Accurate simulation of
frost and thaw depths and their climate feedback is significant for improving simulations of the
hydrological and greenhouse gas exchange processes in cold regions[2]. However, current land
surface models used for climate studies do not represent suitably the dynamics of frost/thaw
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depths and their feedback to the climate system, which give delayed or rapid freezing/thaw
due to the frozen soil parameterization in the models[3,4]. In this paper, we try to formulate
mathematically and simulate numerically the heat and water transfer processes in frozen and
thawed soils. We reduce the seasonal change in depths of frozen and thawed soils to a moving
boundary problem based on the first principles, which calculates frost/thaw depths based on
Muller’s definition[5], and then present its numerical algorithm.

To solve various moving boundary problems[6,7], some numerical methods have been de-
veloped, such as methods of lines, boundary integral, coordinate transformation, wave front
tracking[8]. Crank[9] provided an introduction to the Stefan problems and presented an elab-
orate collection of the numerical methods used for these problems. Segal et al.[10] used an
adaptive grid method in which the movement of the grid was introduced into the govern-
ing equations by the use of the total time derivative. Several implicit methods[11] have been
presented for calculation and simulation of moving interface problems, such as the enthalpy
method[12], VOF (Volume or Fluids) method[13,14], Level Set method[15,16] which captures the
interface positions as its zero level set and the phase field method[17] based on the Kobayashi
potential[17] or the Caginalp potential[18]. Due to the numerical diffusion and dispersion in the
process of tracking the moving interfaces for the methods mentioned above, the contours of the
moving interfaces will become vague or produce ripples.

In this paper an adaptive mesh method is presented to solve the moving boundary prob-
lem, which uses the moving interfaces as the mesh nodes to form the grid points gradually
and automatically in the same fixed time step, and solves the moving interfaces and physical
variables together. The moving interface at the next time step is determined according to the
temperature changes at the current time step. Some numerical examinations are presented to
validate the numerical model.

The remainder of this paper is organized as follows: in Section 2, we present the detailed
derivation of our new mathematical model for simultaneous heat and water transfer in a one-
dimensional soil column based on the first principles, and develop some explicit and implicit
finite difference schemes for discrediting the governing partial differential equations (PDEs) of
the proposed model; in Section 3, we do some numerical experiments with synthetic data to
validate the model. We conclude the paper with a summary in Section 4.

2 A moving boundary problem for heat and water transfer processes in frozen
and thawed soils and its numerical solution

In this section, we first present a detailed derivation of our one-dimensional simultaneous heat
and water transfer model and then briefly describe a couple of its variants.

2.1 Governing equations of heat and water transfer in frozen and thawed soils

As shown in Figure 1, (0, L) represents a one-dimensional vertical soil column with z = 0
denoting the land surface and z = L denoting the bottom of the soil column. Phase-transition
interfaces divide the soil profile into frozen and unfrozen regions, where the thermal conductive
equation is satisfied. Phase changes only take place on the phase-transition interfaces[19]. Thus,
the whole calculation depth is supposed to be divided into 3 layers: a thawed layer from ground
surface to the first phase-transition interface (namely thaw depth), a frozen layer from the first
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phase-transition interface to the second phase-transition interface (namely frost depth), and an
unfrozen layer from frost depth to the bottom of calculation depth.

Figure 1 A schematic representation of 1-D soil column

Based on the mass and energy balance equations and temperature continuity on both phase
transition interfaces, the problem can be expressed as the following equations:
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where t is time (s) and z is the depth of the soil column (m) (positive downwards); ξ and ς are
the thaw and frost depths, respectively; cf , cu are volumetric soil heat capacities (kJm−3C−1)
of frozen and unfrozen soils, respectively; λf , λu are soil thermal conductivities (Wm−1C−1)
of frozen and unfrozen soils, respectively; T is soil temperature (◦C); θ is the volumetric soil
water content; D, K are the unsaturated soil hydraulic diffusivity (m2s−1) and conductivity
(ms−1)[20], respectively; qv is the soil vapor flux (kgm−2s−1 or mms−1)[21]; S is a sink term
which represents root uptake[22−24].

To continue the derivation, we need to make some physical assumptions. The first assumption
is that there is no liquid water in the frozen layer, that is, the water (and/or moisture) in the
frozen layer only appears in the form of solid ice. In addition, we ignore the mechanical
movement (or elastic effect) of the soil and the physical transport of the ice in the soil except at
the freezing-thawing interface. Since the mechanical movement of ice is ignored, the variation
of the ice content in the frozen layer is only felt through the interaction with the unfrozen zone
at the freezing-thawing interface. To derive a governing equation for the ice content, our main
idea is to consider the dynamics of the total ice content, instead of the ice content at each point
in the frozen layer.

Let ∆t > 0 be an infinitesimal time increment. When the time varies from t to t + ∆t, the
frozen zone changes from (ξ(t), ς(t)) to (ξ(t + ∆t), ς(t + ∆t)), and then the change of the total
ice mass in the frozen zone over the time period [t, t + ∆t] is

∫ ς(t+∆t)

ξ(t+∆t)

θi(z, t + ∆t)ρidz −
∫ ς(t)

ξ(t)

θi(z, t)ρidz, (2.4)

where θi denotes the ice content, ρi is the density of the ice.
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On the other hand, the total ice mass change due to boundary movement over the time
interval [t, t + ∆t] can also be computed approximately by

ρi(t)θi(ξ, t)(ξ(t + ∆t)− ξ(t)) + ρi(t)θi(ς, t)(ς(t + ∆t)− ς(t)). (2.5)

Equating the expressions in (2.4) and (2.5) yields
∫ ς(t+∆t)

ξ(t+∆t)

θi(z, t + ∆t)ρidz −
∫ ς(t)

ξ(t)

θi(z, t)ρidz

≈ ρi(t)θi(ξ, t)(ξ(t + ∆t)− ξ(t)) + ρi(t)θi(ς, t)(ς(t + ∆t)− ς(t)). (2.6)

Dividing the both sides by ∆t, and taking the limit ∆t → 0, we get
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The moving boundary conditions can be described as follows:

T |z=ξ+ = T |z=ξ− = Tf , T |z=ς+ = T |z=ς− = Tf , (2.8)
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dξ

dt
= ql(ξ, t),

dς

dt
= ql(ς, t), (2.10)

where Tf is freezing temperature (◦C); Q is heat released by unit volume of soil during the
freezing process (kJm−3), which can be expressed as follows:

Q = Lfγd(W −Wu), (2.11)

where Lf is latent heat (334.5kJ/kg), γd is dry density (kg/m3), W is water content of soil (%),
and Wu is unfrozen water content of soil (%).

Equations (2.8), (2.9) and (2.10) describe the temperature continuity, the energy balance on
both phase-transition interfaces, and mass balance on the interfaces, respectively.

The initial and boundary conditions for the moving boundary problem are as follows:

T (z, 0) = g1(z), 0 < z < L, θ(z, 0) = g2(z), 0 < z < L, (2.12)

T (0, t) = f1(t), t > 0, ql(0, t) = f2(t), t > 0, (2.13)
∂T

∂z
|z=L = Gg, θ(L, t) = θr, t > 0, (2.14)

where f1(t), f2(t) are soil surface temperature (◦C) and infiltration, respectively; g1(t), g2(t) are
soil initial temperature (◦C) and volumetric water content, respectively; Gg is soil bottom heat
flux (◦C/m); θr is residual water content; and ql is flow flux (m/s).

Remark 1. The above model can be used as module to build composite models that describe
multi-layered freezing and/or thawing processes. Such a model, which involves multiple moving
interfaces, can be utilized to describe a complicated freezing and thawing process in a seasonal
frozen soil.

Remark 2. The above one-dimensional model can be easily generalized to higher dimensions
with help of the Gibbs-Thompson condition[25] to describe the surface tension on the interface.
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2.2 Finite difference approximations and computation algorithm
Since the mathematical model developed in the previous section is highly nonlinear and involves
two unknown moving interfaces/boundaries, it is not possible to find closed form analytical so-
lutions for the model. Consequently, the only feasible way to solve the problem is to compute
approximate numerical solutions. We shall first construct some explicit and implicit finite dif-
ference methods for approximating the one-dimensional model, and then present a computation
algorithm for implementing the proposed finite difference schemes on computers.

First, we need some notations. Let {tk}k>0 be a sequence of equally spaced time points
with the time step ∆t. Let Th := {zj ; j = 1, 2, . . . , J} be a mesh for the interval [0, L] with
z1 = 0 and zJ = L. Let ξk denote an approximation to ξ(tk), ςk denote an approximation
to ς(tk), define T 0

h := Th ∪ {ξ0, ς0} and T k
h := Th ∪ {ξk, ςk} for k > 1, that is, T k

h contains
all the mesh points of Th and the two computed interface points. Set hj := zj − zj+1 and
hj+ 1

2
:= 1

2 (hj+1 + hj) for j = 1, 2, . . . , Jk − 1, where Jk denotes the total number of nodes in
the mesh T k

h . Note that the number of distinct nodes in [0, L] is at most J +2 at each time step
tk for k > 0, i.e., J 6 Jk 6 J + 2. It is possible to choose T k+1

h completely different from and
independent of T k

h as long as {ξk+1, ςk+1} ∈ T k+1
h . Such a technique is known as an adaptive

mesh method[26].
For a given sequence of numbers {ηk

j }, we define the following difference operators:
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Now, we are ready to discretize equations (2.1)–(2.3). The general guidelines we follow
here are to use a backward difference for temporal discretization and to use a central differ-
ence for spatial discretization. As a result, we obtain a family of implicit finite difference
schemes (including an explicit scheme) with a truncation error of order O(∆t + h2), where
h = max{hj ; j = 1, 2, . . . , Jk}. Hence, our finite difference approximations for equations (2.1)–
(2.3) are defined as follows:
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for j = 1, 2, . . . , jk1 − 1 or j = jk2 + 1, . . . , Jk − 1 and 0 6 ω 6 1, and
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for j = jk1 , . . . , j = jk2 and 0 6 ω 6 1. Clearly, when the relaxation parameter 0 6 ω 6 1, the
above scheme is implicit, in particular, ω = 1 and ω = 0 give the backward Euler scheme and
the explicit Euler scheme, respectively.

Next, we update the interface point by equation (2.9) as follows:

QkDbξk+1 =
(

λf
∂T

∂z

∣∣∣∣
z=ξk

− λu
∂T

∂z
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z=ξk

)
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, (2.18)
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z=ςk

− λu
∂T

∂z
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)
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. (2.19)

Finally, interface condition (2.10) can be discretized by any 3-point (not 2-point) difference
approximation to maintain an overall truncation error of order O(∆t + h2) .

To implement the above finite difference methods on computers, we propose the following
computation algorithm.

Algorithm
Step 1. Choose the initial datum functions g1(z), g2(z), ξ0, ς0. Set zjk1 = ξ0, zjk2 = ς0 and k:

= 0.
Step 2. Compute θk+1

j , T k+1
j , ξk+1, ςk+1 by solving the nonlinear algebraic system (2.15)–

(2.19) using an iterative nonlinear solver (e.g. Newton’s method).
Step 3. Check whether the stopping criterion is met. If the relative error of two iterates

is less than a prescribed tolerance, stop the iteration and set k := k + 1, go back to Step 2.
Otherwise, let the iteration run until the maximum number of iterations is reached, then either
stop or set k := k + 1 and go back to Step 2. Continue the time integration until tk+1 = tfinal.

3 Numerical simulations

Based on the equations (2.1)–(2.3), (2.7)–(2.10) and (2.12)–(2.14) together with the finite
difference algorithms (2.15)–(2.19), we develop a numerical model, which combines the one-
dimensional heat and water transfer model and the numerical algorithm described in Section
2. To validate the numerical model, we take in this section the upper boundary condition for
temperature as the following function:

f1(t) = T0 + Gtt + Asin(ωt), (3.1)

where T0 = 0 is mean annual ground surface temperature (GST) (◦C); Gt = 0.02 is the
rising rate of GST (◦C · a−1); A = 13◦C is annual amplitude of GST, i.e., half of annual GST
differences; ω = 2π

8760 . The zero infiltration boundary at the land surface is used. The zero
heat-flux boundary condition and residual water content θr = 0.05 at the bottom of the soil
column are used. We set initial temperature as g1(z) = 1 − z

L , and initial water content as
g2(z) = 0.06. Thermal conductivities in the frozen and thawed soils are set as 1.57Wm−1K−1

and 1.28Wm−1K−1, respectively, volumetric heat capacities in the frozen and thawed soils
are 1872Jm−3K−1 and 2475Jm−3K−1 [19], respectively, saturated hydraulic conductivity Ks =
1.2e− 4m/s, and b = 4.2 [27].

Several sensitivity experiments were performed to evaluate the model. They include (1) Run
1, using the parameters set above with L = 30 m; (2) Run 2, using the parameters set above
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with different soil depths L = 3m, 30m, 100m; (3) Run 3, the parameters set above with different
T0; (4) Run 4, the parameters set above with different A; (5) Run 5, the parameters set above
with different thermal conductivities. The detail values are listed in Table 1.

Table 1 Parameters set for sensitivity experiments

Run 1 Run 2 Run 3 Run 4 Run 5

L (m) 30 3,30,100 30 30 30

T0 (◦C) 0 0 1,0,−1,−2 0 0

A (◦C) 13 13 13 1, 2, 5 13

Factor 1 1 1 1 1, 0.25, 0.5, 1.5

The upper boundary condition of surface temperature and the simulated frost and thaw
depths are shown in Figure 2. We can see that the simulated frost and thaw depths have a
periodic change which fits well with that of the soil surface temperature. The phase difference
between the period of the temperature and that of frost depth is 2 days, and the phase difference
between that of the surface temperature and that of the thaw depth is 11 days. Furthermore,
with the rising rate of GST Gt = 0.02◦C/a, the soil surface temperature keeps increasing.
Accordingly, the minimum of frost depth and maximum of thaw depth become deeper.

To consider the effect of the soil depth in the model on the simulated frost and thaw depths,
and soil temperature, we do the simulations by the numerical model with the initial and bound-
ary conditions mentioned above for the soil depths L= 3m, 30m, and 100m. Figure 3(a) shows

Figure 2 (a) soil surface temperature, (b) simulated frost and thaw depths
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Figure 3 Sensitivities to the soil depth. (a) Surface temperature, (b) temperature at 1m, (c) frost and thaw

depths

the soil surface temperature. The simulated soil temperatures at 1m for L = 3m, 30m, 100m
are shown in Figure 3(b). We can see that the simulated temperature for L = 3m is closer
to that for L = 30m, the difference between the two cases is from −1◦C to 0◦C ; the model
with L = 100m overshoots and undershoots the simulated soil temperature compared with
cases for L = 3m and 30m. The difference can be as big as 4− 10◦C on timescale of one year.
The simulated cooling and warming at 1 m by the model with L = 100m are advanced by
approximately 30 days than the cases for L = 3m, and L = 30m.

The simulated frost and thaw depths are shown in Figure 3(c). The periods of the freezing-
thawing process are about 295 days, 303 days and 297 days for the three soil depths L= 3m,
30m, and 100m, respectively. For the three simulated cases, soil begins to freeze on about
the 200th day, and reach its maximum thaw depth at the 200th day. The simulated depths
for L=100m do not exceed 0.5m, and which are underestimated than those for L=3m and
L=30m, which reach the maximum depth about 2m. It is maybe that the same space step
compartmentalize method is coarser to the soil depth L= 100m, and leads to the imprecise
results.
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Next we fix the simulated soil depth (L = 30m). Four values of mean surface temperature,
i.e., T0 = 1, 0,−1 and −2◦C, are input into the model. Figure 4(a) shows the simulated soil
temperatures for T0 = 1, 0,−1 and −2◦C at 1m. We can see that the periodic change of the
simulated temperatures at 1m fits well that of the surface temperature on the timescale. The
maximum soil temperature and the minimum temperature for the four cases are reached at
about the 124th day and the 311th day, respectively. With warmer T0, the simulated soil
temperature gets higher. The differences among the simulated temperatures for the four cases
are between about −1◦C and 2◦C.

Figure 4(b) shows the simulated frost and thaw depths under the four conditions. We can
see that when T0 is warmer, the amplitudes of thaw depth change larger and the amplitudes of
frost depth change less, especially when T0 > 0. This indicates that frost and thaw depths are
related with the mean surface temperature nearly.

Figure 4 Sensitivity to T0(T0 = 1, 0,−1 and −2◦C). (a) For temperature at 1m, (b) for frost and thaw depths

Figure 5(a) shows the simulated soil temperatures at 1m for A = 1, 2, 5◦C. The amplitude
for the simulated soil temperature with A=5◦C is largest, and it decreases with decreased A.
The difference is between −2◦C and 1.5◦C.

Figure 5(b) shows the simulated frost and thaw depths by the numerical with T0 = 0, and
the annual amplitude of GST A = 1, 2, and 5◦C. Under the three conditions, soil begins to
freeze and thaw depths reach its maximum on the 200th day. The simulated depths get deeper
gradually with the annual amplitude of GST increased, and the maximum difference of the
simulated maximum depths is about 0.6m.

Finally, a sensitivity experiment by the model to the thermal conductivity with A = 13◦C,
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T0 =0◦C is presented. Figure 6(a) shows the simulated soil temperatures at 1m using thermal
conductivity with the factors 0.25, 0.5, 1 and 1.5. We can see that the temperatures become

Figure 5 Sensitivity to A: (a) For temperature at 1m, (b) for frost and thaw depths

Figure 6 Sensitivity to the soil thermal conductivity. (a) For temperature at 1m, (b) for frost and thaw depths



1520 XIE ZhengHui et al.

low with increased thermal conductivity, which fits with the property of the thermal conduc-
tivity. When thermal conductivity is larger, the heat flux through the soil becomes larger, and
hence the soil temperature is lower.

Figure 6(b) shows the simulated frost and thaw depths using thermal conductivity with the
factors 0.25, 0.5, 1 and 1.5. The simulated thaw and frost depths and the length of the period for
difference factors show some differences. The simulated depths reach their maximum values at
thermal conductivity with the factor 1.5 and minimum values with factor 0.25. The difference
of frost depths for the factors mentioned above and that of thaw depths for the factors are
about 0.2m, respectively. It indicates that difference for the different thermal conductivities is
not large.

4 Summary and concluding remarks

This paper develops a new simultaneous heat and water transfer model for simulating the active
layer and frost/thaw depth in frozen and thawed soil. Mathematically, the model is described
by a set of nonlinear partial differential equations coupled with a moving interface/boundary.
Unlike the existing models, the new model explicitly tracks the freezing-thawing interface and
frost/thaw depths, and uses an independent mass balance equation to describe the dynamics
of the total ice content in the model. Numerical simulations are presented to validate the pro-
posed numerical model and to investigate the effects of the thickness of the soil, ground surface
temperature, amplitude of ground surface temperature and thermal conductivity on frost/thaw
depths and soil temperature. From above studies, it is found that design parameters affect
frost/thaw depth and soil temperature differently. The thickness of the soil and thermal con-
ductivity have the important influence on frost/thaw depth and soil temperature. Furthermore,
the periodic variety of frost/thaw depth fits well with that of the upper boundary condition.
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