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Abstract: The non-stationary natural convection problem is studied . A lowest order finite
difference scheme based on mixed finite element method for non- stationary natural convection
problem, by the spatial variations discreted with finite element method and time with finite
difference scheme was derived, where the numerical solution of velocity, pressure, and
temperature can be found together, and a numerical example to simulate the close square

cavity is given , which is of practical importance .
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Introduction

Let 2 « R be a bounded domain. We consider the following non-stationarv natural

convection problem:
Problem (1) Findu = (u,,u,), p, and T such that, for any ¢, > 0,

’u,—p&u+(u'?)u+Vp:UT ((x:J’;5>€QX(0351)),

dive = 0 ((x,y,t) € 2 x(0,¢,)),
T, - AT + Au - vT =0 ((x,y,t) € 2x(0,6)),
u =0, T =0 ((x,y,t) € 202 x (0,t,)),
u(x,y,0) =0, T(x,y,0) = f(x,y)  ((z,5) € 2),
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where u is the fluid velocity vector field, p the pressure field, T the temperature field, x > O the
coefficient of the kinematic viscosity, A > 0 the Groshoff number, j (0.1) the two-
dimensional vector, f{ x,y) the given initial scale function.

The natural convection Problem ( ] ) is an important system of equation in atmospheric
dynamics and a compelling dissipative nonlinear system of equation. Since this system of equation
contains not only velocity vector field and the pressure field but also contains temperature field,
finding numerical solution is not easy. Even though there are some finite difference schemes
treating Problem ( I ) (sec Refs.[1 ~ 4] and the references therein), those schemes almost
consider the temperature T as a given constant, i.e., regard Problem ( | ) as the Navicr-Stokes
problem, and introduce vortex function so that the pressure must introduce extra boundary
condition. Even so those numerical solutions are no ideal, especially the computing of numerical
solution of pressure is usually very difficult. In this paper, a lowest order finite difference scheme
based on mixed finite element ( MFE) method is derived, where the numerical solution of
velocity , pressure, and temperature can be found together, and a result of numerical simulation of
the close square cavity is practised, which is of practical importance and shows that our scheme is
very effective and trustworthy .

The article is organized as follows: In Section 1, the existence of generalized solution, and
the existence and convergency of stable MFE solution for non-stationary natural convection
problem are first recalled. And then, in Section 2, a lowest order finite difference scheme based
on MFE method are derived. And finally, a numericat example to simulate the close square cavity
whose viscosity coefficient px is very small is given.

{!

1 Recall the Existence of Generalized Solution, and the Existence and
Convergency of Stable MFE Solution

The Sobolev spaces and their norms used in context are standard (cf. Ref.[5]).

The generalized solution for non-stationary natural convection Problem ( I ) can be written
as

Problem (1 )" Fnd(u,p,T) € [LE(O,II;X) M HI(O,II;V:)] X LE(O,L,;M) %
H'(0,t.; W) such that
((w,,v) + palu,v) + a{u,u,v) - b{p,v) = Jy(T,v) (Yv € X).

hlo.u) =0 (Vo€ W), (0
T, g) + d(T ¢) + Aa;(u,T,¢) =0 (Vg€ W),

hu(x!_}’10) =U: T(x,y:{}) =f(xsjf) ((x,j}’)eﬂ),

where
X = HI(N), W=H), V={ve X;divy = 0},
M= L;(2) = {(p - Lz(ﬂ);'l‘ﬂtpdxdy = 0},
_ _ duy duy  Ju, dvy  dus Fv,  Ju, Jvy)

ﬂ(H,V} = (VH,?F) = J’n(a_x-c?_xu + By 3y + Jx Oz + 33/ -jy']dldy,

dv, d v+ dn, d v,

a{lu,v,w) = JII( ) W)k Uy W + U Ed + is ay“w:)dxdy,
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al(u,T,(,!;) = L}(ul -E?x"b + U» ——“gb)d:t:dj',

b(p,v) = J pdivvdxdy,
7

W1, = (eT,vg) = | (5154, 5y 5L

It has been proved in Ref.[6] that Problem ( [ )™ has a unique solution.

In the following, the spatial variations are discreted with MFE and time with finite
difference. Let ¥, be a quasi-uniform regular triangulation of 2 (see Refs.[8 ~9]), and MFE
spaces be taken as

X, = {(vip,00) € L)% vy € PL(K) N H(K) YK E Iy mpni 1,

v_,;hrr,f- .. e = 3K, N 3Ks Cc Q, vym; |, = 0,e c @KV 90,i.j = 1,25, (2)

Mhz{(pe M?‘P'KEPU(K):VKESA}s (3)

W, = {9€ W; 1€ PUK), VK E 3,1, (4)
where P_( K) denotes the space of polynomials of degrees less or equal to m, n; = {n;,ny)
denotes the unite outwards normal on K, € 53,.

It is easy to prove that X, — X (see Ref.[6]). Using the same technique as Ref.[7! one
can prove that X, and M, satisfy inf-sup condition:

ap BB g, (vee m). ®
where 8 > 0is a constant independent of 2 and . And let L be a positive integer, & = £,/L be
the step width of tme, ¢t = nk, 0 < n < L; (u},p;,Th) € X, x M;, x W, the MFE

Ty

)dxdy.

H

approximation corresponding to (w(‘®), p(¢'™), T(:'*)) = (w",p", T"). Then, the fully
discrete MFE solution for Problem ( I )™ can be written as
Problem ( [ /) Find (u, pi,Th) € X, x M, x W, 1 < n < L, such that

(ul vy) + kua(ph,v,) - kb(pi,vi) = KT, vy) + (w1, v,) -
ko (un L wtor,) (Vv € X)),
$h(gpy,uh) =0 (VY or € M), (6)
(Thon) + kd(Thoy) = (Thhadn) - Akay(a} ', T ) (Y g € W3,
}L = P, uh = O,

where P,f is the L~ -projection of f onto W,.
It is proved in Ref.[4] that Problem ( [ /) has a unique stable solution and satisfies

;.”"(z | v (T - TL)HMZ” V(- w) o+ Lpt - phllo) s

||H—uj;”g+IIT“—T};”(}-..__C(h+k), (7)
where C is a constant independent of f and &,

2 A Lowest Order Difference Scheme Based on MFE Method

The purpose of this section is to derive a lowest order finite difference scheme based on MFE
method for Problem ( I *). To this end, we cut the domain (2 into a quasi-uniform regular and
right triangle set 3%, , and the vertices of each right triangle X is numbered as 1, 2, 3 according to
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counter hands of a clock, the right vertex of K is numbered as 2, see Fig. 1.

] u=v=0: =1
u=y=0,
L TOp)=1{0)  ye=y=(0
.5
*0 TARO=TO
u=y=0, I=0 J
0 0.5 1

4

Fig.2 Schematic representation

Fig.l Schematic representation
of physical model

of element

Then, Problem { | /) on K; can be written as

Iﬁulhvhdxdy + f»,aJ. 7 uy, - Vo dxdy - kj p;, d:x:dy

-}

lau
| wtidzdy - k| wip' ladady -

dui, -1
kJ’;,u”’I “—Q‘Fv;,dxdy (v v, € P,(K)), (8)
A
J’ usprpdxdy 4 ng Vs, © Vodxdy - kj Ph dedy =
£ K ' Y
n—l
J‘ Hﬁh ﬂhdxdj’ + kﬂlj\ Thﬂhdxdy - k‘[. ulh ax hdxd}" -
_ aurﬂh
k[ usy - vidady (yuv, € P(K,)), (9)
v K a}’
E}U-] au:h
j@h T dxd Y+J‘% dy dxdy = 0 (V on € Po(K[)}), (10)
J Twodxdy + k[h v T,V ¢pdxdy =
K JK
Tu—-!
J T’}l Jrdxdy — kAJ u”, 3 —¢,dxdy -
x
E?i"“l _
kl[ uhy! ‘“.___t,&hdxdj’ (V¢ & P(K))). (11)

Note that (8) ~ {11) are a sufﬁment condition which Problem ( I ;') holds. u;, p}and T} on K,

can denote by
ujp = Up Ay + BpAy + ugada (j = 1,2), (12)
Th = Tai, + ThAs + ThA,, (13)
(14)

1 8 1
ﬂxv[ ‘dady,

B
H
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where 1,, A, and A, are barycentric coordinates (see Ref.[8] or Ref.[9]), Ay = Ah~/2is the

measure of triangle K;. Then, by the properties of barycentric coordinate ( sece Rel. 8] or
Ref.[92]), one can get

-2 3 3 2({ 9 J
ix = h 3%, 3y - :«:(aag - a,:.l)* (13)
Note that A; + A- + Ay = 1 on K;, we have
(A 0 dAs 2 dA, 2
dx ~ ' dx k" 3dx A’
< (16)
A _ 2 M _ 2 9
»ay__h’ aj’_h’ 3:!.'_ ’
3Ty ATE3A, 3dTp9i, 2, .
dx ~ FA, dx T 3A, dx 7T Ta), U7
Jd Ty, Ty A dT; 34, '
T IA TR 2w o, (18)
2
v Th = —;f(T;;,— To,Th - T3). (19)
Thus, (11) can be written as
J (T:Lg/l] + TEAQ_ + T:_f;/‘{.g)kmdxdj' +
A
"'?"k n n a;tm " n a;‘ml
- Tr e - ] asay -
L_(T:fl.ll + T2y + T 23) Apdady -
7
’“‘J (ui' Ay + ufn A + wlpfde) (Tt - Th)A,dady -
-} n -1 | \ 2 -1 -1
k).i. (Wi Ay + wim Ay + ulsy Ay) ‘};“(T?z - T ) A,dady
. K
{m = 1,2,3), 20)

Using the properties of barycentric coordinate again, ong can get
26 -23 1 \[Ta) (Fu

- 23 50 - 23 T:tg = Fi'l ' (21 :)
l - 23 26 k TE? J Fiﬂ

where
Fo= 2T + T3+ T+ 220 Q2uty + wlnd + Wi T - TH') +

¢ :
-1 -1 -1 ~1 1
2ARC2ut 4wl + Wi (T - T, (22)
Fro = T 4 2T 4 T + 22k (uwh ¢ 2uln + Wi (T - TR) +

2AR( ur:fll + 2”’?1'21 + H'?{al)(i"iil - Trf-_z_l)& (23)
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Fa= T+ Tl + 275" + 22h(uy' + ul' + 20D (Ty - Th') +
20 (uin' w4 200 (T - Tt (24)
Solving {(21) can yield
T = [T+ T 4 T 4228 (w3 4wl + wid' W(TH - T 4
AR (uin' + w4 wlin X (Th' - Tyl ]/
(771777 + 575T%5" + 479T% " +
2AR(TTLu;) + 5750 + 479w ) (T ~ T%1) +
220 (77105 + 5750 + 479 ) (TS ~ T% 1)1 /7300, (25)
Th = [ TH' + Tl + T+ 240 (s + uln + wlia )(T - Th') +
2Ah (e 4 utn v uip (T - T /4 +
[5757% " + 67574 + 57577 +
2Ah(575u") + 675u"n + ST5u 'y V(T - Ti) +
2AR(575u) + 67525 + 5751 ) (T - T51)]) 77300, (26)
Th o= [T+ T+ T+ 2RACuls + aly + wi (T - Th') o+
2AR (U 4 uln + aly )Tt - T 174 4
1479 + 575T% ' + 7717% " +
2Ah (479475 + 5756 + 7T (T - ) +
2AR (4795} + §75un + 771wt Y (s - 1)1 /7300, (27)
Using the same technique as (21), from (8) ~ {10}, can yield
(2424, 1 - 24y 1 0 0 0 0
[ - 244 24+48y 1 - 24y 0 0 0 12h
| I -24p 2+ 244 0 0 0 - 124
0 0 0 2+ 24 1 - 24u 1 125 |x
0 0 0 1 -24y 2 +48u 1 -24u - 124
0 0 0 1 I -24p 2+24p 0
0 -1 1 -1 | 0 0
)l ) )
i Jinn
i3 Jfaa
uig | = | Sy | (28)
2 Jix
T fiaa
ot N0 J

where
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-1 n-1 n-1 n-1
(”IE;? - ”;11) + (”';11 + 2”.:11 + iy S

Fos o= 2 (uty + w05+ 2u%5 ) (u - wR) + 2R(utn w20
(s — i) + (uly + ulln + 2ufy
{fi‘ll = A(2Th + Th + Th) + 2R (20" + u,’f-ml + ) (ut)t - W) 4
22w + w'p o+ wtE ) (uhst - why) o+ (Quly! o+ uts + ouis'),

Fn = A(TH 42T + Th) + 28 (uw'y + 2:1,'}1‘3] + outn ) (uts! - uts) +

._.h.(ul” Zu’hal + u'i )(ul—m — u,';{;l) + (u.':g_]l + 2!1;’23_31 + u,':{;l),

fis = A(T?l + TE!. + .’":',T?_;,} + ,?,h(urﬁi'll + u'} '*" + 21 )(U-m - ;‘ﬁ) +

. 2h{ut + uip + 2uiE (s - uls) + (Wl o+ uln o+ 2ulh
Solving (28) can yield

» ‘ 2( u” % =)

— { - ,._f) ,_"‘.l".'i""' +(u,la-u,z R
(H I - U “1) + p(u; 4£LI_M H3Hr,_a1)(ul|1 - :I‘.l ) +
#(Um - 24“1{’*1 + 23”113 )(Ueﬂ?, - 11’!- ) +
#(73 H—,E:b_li - 4“-;71 -_ 4916 )( Hrr::b]l - ,._11 ) +
#(73U;11 - 4”:1* 49”;13}(Um - m)]+

1
o[ (utn - i) + (el - el ) ¢ AT, - Th) -

36h(1 + 364)
(E.Z(HLH - a4l£,_1ﬁl + 23[1?,_11 ) + ,udl(?:iT::‘ - 24T?3 - 49T:lq) +
P(73u,11] — 4l£rlw - 4911':’_7] _I ’

2h(1 + 48u) ~ _
iy = T 3(1 +24.)(1 + 364)(1 + 72 ,u)[Z(”*“ wi) (Wi - i) +

(uI"}l - U 4-11) + ‘u(u-i':r] —-— 24[!-?1_1] + 23” )(H«ﬂﬂ s I]l ) +

':”w?fﬂl - Uiy ) + #(“fm - “4”’4.1“* 23“;11 )(Mm - Ui ) +
(73uﬂ : Au,-m —4911;.;)(11,[',1 — u’::":_,) +
#(73U;11 - 4“’:1* "4911;14 )(Uwr::':‘z - ”':331)]+

1 + 484
301 + 244)(1 + 36p)(1 + 72

ACTY - T?ﬂ) - ,u(u’iﬁl - 24“*1,\" 23“;13) +

pA (7370 - 24Th - 49T5) + w(73075' - 24u%s' — 49u5) )] +
1

1+ 724

JL[jh<”I:111 + “T“I + ”m) + (”:11 - m) +
I + 724

{
[qhum (u;u - :1'1) + 2h”«;14 (Um - unj) + ”;15 ] +

-

)[(ur.l" - 113)+(u - pq)+

r -1 n-1 n-1 1 i
fm = 25(2”’531 + Uy + “m )(”:11 — m) + uh(zum + Ui o+ Ui )
1 n-1 -1 n-1
(”'Ih: = ;14) + l:----l-‘*.-,n + Uy + Uy
1 ~1 1 R
fin = 2’1(”2’21 + 2”';2" + Hm ){”m - :11) + 2h(”;11 2uis + H?IJ )

29)
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2RO + oty 4wt ) (et - wtn ) o+ (g + uip + win )]+

(1 + ’*4;;‘511 + 7*};5 2rluts - wia ) (uly' - i) +

2aluly - why M uhn ~ win) o+ dhy - el (30)
wip = = 2utgy + 3(1 + ¢4;)h;{1 +36p)[ 20y~ wlin ) - ui )+

(w5 = %5 ) + p(uty) = 240 + 230750 (65 - W) 4

LT TL S R ,u(u,m - 24ut5 + 2365 (i - wiE)

a{73u") - 24u% Y 49" ) () - )+

:"‘(731‘[1]1 - 24“’11” _'49”'113)(”’1'” - u’j,""’- )]'l'

]
3(1"“”4#)(1}36#)[(“”" —uty )+ (Wl - uhe') o+

.l(Tfl — w) - ,U(Um 24”—11'- ,_,31;,“3) +

A (T3TS - 24T - 49Th) + p(73u%) — 24u”,) — 4903 )] +
2;1( IITE‘}_I + EL}:]'}J ¥ lLr:Hl)(HL” - “’l) + U.r:u] + H.qu] + h‘,’:H] +
zh{ffrfﬁl + u’il_’.?l + uin ){Hr;r* - ”1151) +
l 7 - -
T4 14#l2h(u‘i231 - uiy e~ W) +
‘-h(ﬂnu - ufy )(um - ”:13) + U;lsl - U«r:fl] 3 (31)
2h
v — i - utn ) (uhn ~ vy ) +
2 tyiz -3(1 + 4#){:1 +36}£)[ ( i1 { )( 22 3
(u’fg',' - L'!".'l) + !U.{U,_ﬂl - J_4um ‘.-3!1»“ l)(ﬂlp - ;,11 ) +

n-1 n-—1

(' - w4 p(ely ~ 240ty + 23u3 ) (et - iR ) +
;z(?3u'f“] - "’4&'5%1 49u 75, )(ﬂm — U %1) +
JFI(?3HL][ H4H”1 —491.“”1)(1;'_11 —_ H-y;l)]_

1 “ L
"! - 1 II "j’i ; . I:-} _
3(l+24#)(1+36y)[( i12 "'13) ( Uis )"“.'-(]1 T )

,U(U»,n - 24075 + 23wt ) + pud (73T - 24Th - A9T%) +
;1(7311:1-311 - 24ut5 - 49utn )] -
1

1+ 14;;lqh(”' y — why () - ”?1711) +

2h(uiy - et ) - wiy ) 4wl - el (32)
Ui = (1 +"4p)(11-1-62i;p)(1 + 72#)[2(”‘*“ - win ) (i~ uin)

(wi! - w'n )t 4 p(uty - 240+ 2365 ) utn - utn) +

(utn - “]:ntl) + opluly - 24[&::111 + 23w (uty - )+

w(73u! - 244 — 9w ) (uhs - wlin ) +

p{73uty! ~ 24u% - 9w iH ) (wis - win ) ] +

8‘.‘_! n-1 n- 1
{1 *'-4[“)(1 +36)(1 + 72 ,M[(u‘” - i) 4 (el - uiEn)

’1(71'1 ) = f-‘(uﬂ] - ~4H;1" + -—31‘5;11) +
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pACT3TH - 24T, - 49TE) + p(T3u%' - 2405 - 4905001 +
1

— [ATS + o' + 2hus(uls)' — u ﬁl) + 2hutp (il - sy 0] 4+
1 + 72;1.
24 _ . _
—E [ A(Ty + Th + Th) + 2R (%) + uln' + iy ) (us) - als) +
1+ 72 g
2h i+ uin 4 ”?ﬁl)(ui;ﬁ] -~ uwhy )+ ul) o+ wln + v ]+
—HHI.F """"" li( ?H — -u) + 2]1( 1 13 - Her;f]l)( UI::-]! - ur:,:;:l:l +
(1 3 24.)(1 + 7.4:)
2h(utn) - ui (s - dhy) s - (33)
2h
R I S o et q(uq—] _ n.—l)(u _ ”r[—l) "
(o == 2ut, o+ 2 5
i 23+ a0, ,34#)(1 36#)[ i1 ti1n i3
(") - uf «,1])“ ¥ #(Um - 2411'}3'31 + 234" 1,_1)(11,11-. — w0+

(o' - w5 )" + plulin' - 240%n + 233 ) (el - wlis') +
p (73 s - 24uty - 49uy ) (uly - uin') +
p(730%) - 2407 - DO - uin)] 4

|
301 4+ 244)(1 + 364)
(s — 24070+ 230 ) + A (T3Th - 24Th — 49TH) +

-1 -1~ - -1 -1
(7307 - 240755 - 49675 )]+ 2R (u’h) + utn + w2 (ul - i) o+

[(uip - uln) + (ulsy' - utn') + A(TE - Th) -

2R+ uln 4 ”?1_31)(”?}521 - utn) o uttor uhy + TR

TG Thw TH) 4 g (2R - wti) (et = wiz) 4

ACTE = T8) + 2h(u'y - o' ) (uis - uts') + vl - uisl'], (34)
Uiy = Qb — >h (206! - w3 (uly! - ulsy ) +

3(1 + 242)0(1 + 364)

1 I ﬁ-.l) + .Uf(ﬂm - 24”??}:] + 23”%:31)(“::‘1_"1 — Hzllt) +

Cae'lay
(”;:1-31 - n;':,i_, )_ + ,”-( ui]_l - 24”11_’*] *-3“;111)(”:13 - z]" ) -+
#(73 H?-:_Il — 241.!]: - 49[5:111)( il 11] - U 'ni) +

}1(7311]:}_11 - ....-4HL|‘! - 49”:11 )( £ ;':"" - u’if_';'i )] -

31 4 ’?4,tz)l(l F 36 L (Wb - i) e Gl - i)

AT - Th) = p(ulp = 240 + 23u%3) +

A (T3TY - 2473 — 49TH) + p(73u7%5' - 2407 — 490754 )] -
F;-l—:ﬁ;[,l(TEq — TH) + 2h(u'y ~ W) (' — w5 ) +

LY R QTS VL D 1 Q75 i T B S S I (35)

Equations (25) ~ (27) and (29) ~ (35) make together up a lowest order finite difference scheme
hased on MFE method for non-stationary natural convection Problem ( | ). Inserting them into
Eqs. (12) ~ (14) can vield the formulae of " = (%, , %), pi, and T} on K.

3 Numerical Example

In this secton, we present two examples to simulate the close square cavilty showing the
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efficient of our lowest order difference scheme based on MFE method. The above side and below
side of the close square cavity are two walls of constant temperature, and the left side and right
side are two insulated walls, see Fig.2. And there is only air in the close square cavity. Since
there is difference of temperature on the above side and below side in the close squarc cavity,
there is natural convection in the close square cavity. Let us take the domain of the close square
cavity as 2 = f0,17 x [0,1°, and cut 12 into 100 x 100 small squares, and then link the left
ahove verlex and right below vertesx of each square to form two triangles. Thus A = & = 0.01.

According to the array of total knots, the valucs of numerical solution ( 1%}, , T}) at all knots can
be wriltcn as

(uy, (0.0) = u,(100,¢) = u3;(0,10) = u3,(100,0) = 0 (05 [ g 100);
ub, (5,0) = w4, (5,100) = w3, (s,0) = u?,(s,100) = 0 (0 < s < 100);
Tupls i) = _”gf{nnt}-t).j,: UL 1.,3 F UL e-1) 42,501+
ng.lm.-l.;‘.l t ffﬁ'inmx,j‘,_; + ”g£+lilii.r+l.j,2]/6
(] « s 99,1 < { 99,5 = 1,2);

CTH0,1) = 0; TH100,!) = O (0 < [ < 100);
Ti(s,0) = 03 Ti(s,100) = 1 (0 < s < 100);

i
}'h(s,Z) = [thm‘.u(;_]),z + T“?.E+lll]{r—l}+l.3 + T.’t.hlfms—l}d.l +

1

P

n
2810 21,1 + T‘gi+1(}|]1 + T?.‘£+III]!+1.:-|/6
(1l = v 99,1 < <99).
Using the above formulae we compute out the numerical solutions of velocity, lemperature,

and pressure together when = 0.000 01 (i.e., Ra = 10000) and ¢ = 0.000 00! (i.e.,
Ra = 100 000), see Figs.3 ~ 5.

Lo =T =z ] 1.0
EEH AR T
C N AR LR
o WYERTE -
y u.s-:::jj:- o iuna Yy 0.5
RSy
W E s oA
R CREES: 18 .
ol _lvmitz o= 0 .
0 0.5 1.0 .
=
- 4
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Fig.3 Velocity vector at different Ra-value

Conclusion Our numerical results, which are only used for a first degree element for the
velocity and the temperalure, and a zero degree element for pressure, are very ideal in
comparison with those of other finite difference scheme (see Refs.[1 ~ 2]). Especially, our
finite difference scheme based mixed finite element method can deal with very big Ra-number

cases, for example, Ra = 100 000, and can {ind together the numerical solutions of the velocity,
the pressure, and the temperature .
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Re = 10 000 Ka = 100 000
Fig.4 Temperature field at different Ra-value

Ka = 10000 Re = 100 000
Fig.5 Pressure field at different Ra-value
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