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temperature can be found together, and a numerical example to simulate the close .square

cavity is given。which is of practical importance
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Introduction

    Let月 〔 R-

convection problem:

    Problem(T)

be a bounded domain. We consider the following non-stationary natural

Find u二(a,，。:)，1'，and T such that, for any￡

u，一产Lu十(u·?)u+v尸二材7'     ((x,丁，‘)〔。\

divu=0 ((二，Y,‘)任。x (0,￡))，

兀 凸T十Au·vr二0 ((二，Y, t)〔。x (Olt,)),

u=0, T = 0                ((x,Y,t) E an x (0,‘:))，

u(m,y,O)=0,   T(二，Y,0)二I(z,Y) ((二，Y)〔。)
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Difference Scheme for Natural Convection Problem 工lot

where u is the fluid velocity vector field, p the pressure field, T the temperature field, k>0 the
coefficient of the kinematic viscosity, 1>0 the Groshoff number, j! (0.1) the two-
dimensional vector, f(x,y) the given initial scale function.

    The natural convection Problem(I)is an important system of equation in atmospheric
dynamics and a compelling dissipative nonlinear system of equation. Since this system of equation

contains not only velocity vector field and the pressure field but also contains temperature field,

finding numerical solution is not easy. Even though there are some finite difference schemes

treating Prob]二 (工)(see Refs. [ 1一4 ] and the references therein)，those schemes almost

consider the temperature T as a given constant, i. e.，regard Problem(I)as the Navi二一Stokes
problem, and introduce vortex function so that the pressure must introduce extra boundary

condition. Even so those numerical solutions are no ideal, especially the computing of numerical

solution of pressure is usually very difficult. In this paper, a lowest order finite difference scheme
based on mixed finite element (MFE) method is derived, where the numerical solution of

velocity, pressure, and temperature can be found together, and a result of numerical simulation of

the close square cavity is practised, which is of practical importance and shows that our scheme is

very effective and trustworthy.

    The article is organized as follows; In Section 1, the existence of generalized solution, and

the existence and convergency of stable MFE solution for non-stationary natural convection
problem are fast recalled. And then, in Section 2, a lowest order finite difference scheme based

on MFE method are derived. And finally, a numerical example to simulate the close square cavity

whose viscosity coefficient !< is very small is given

1   Recall the Existence of Generalized Solution, and the Existence and

    Convergency of Stable MFE Solution

    The Sobolev spaces and their norms used in context are standard (cf. Ref. [5]).
    The generalized solution for non-stationary natural convection Problem‘工)can be written

as

Problem(I)’ Find(u,p，T)〔工62(0, t,;X)门H'(0, t,;v))、L-(0‘;M)、

H' (0, t,;W) such that

(u,, V)+pa( u, v)+a,(u,u,v)一h(p,v)二,V(T,v) (Vv〔X).

h(}P.u)二0 (V ,p C-叫，
〔界，0)+d(T,},)+la, (u, T,砂)=0 (V砂eW)，

u(二，y,0)二0,   T(x,y,0)二f(., Y) ((二，Y) E。)，

r

一

.
之
!

.
1

where

X = W

M 二

川(D)21

L n(月)二{*。

F1,')日)

L-(口)

v={，任X; divv = 0}

;丁。,pdxdya 二。}
垫
而

丛
九

rz(u，，)二(vu，v v)二丁。'a u, a v,ǹ  ax  ax + ·aa, av.)dzdy,ay ay
a(u，v、)二丁‘;(一d v,a x w' +刁.

u, ax w=+“，可”，，u, -w,ldxdy'v'
        }y  ,
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T, ,0)二
厂1   dT.     aT 、，

」。戈“，ax'p十“，万(P) UxayI

阿
·)一丁。Tdivvdxdy,n
0)二(v T, 0 G)二 +

aT
ay ay

州

    It has been proved in Ref. [6j that Problem(I)" has a unique solution
    In the following, the spatial variations are discreted with MFE and time with finite

difference. Let Qjh be a quasi-uniform regular triangulation of月(see Refs. [8一9])，and MFE
spaces be taken as

    X,,={(:,h,v_,) E L=(,(2)!;，.、〔P, (K)自M'(K) y K〔}',, , vlhrc;} I二
        vrgra 2i I，e二a K,ndK,C。，vjhnj I‘二O,e C aK n an. i,j=1,2), (2)

    M;二{甲〔M; P I;E P�(K)，dK〔}̂hf， (3)
    讯 二{0 E W; 4 I、E P,(K),VKE                            ĥ卜 (a)

where Pm ( K) denotes the space of polynomials of degrees less or equal to二，n，二(，‘{，at)
denotes the unite outwards normal on K,〔念;.

e

、1夕
了

on

临

    It is easy to prove that凡C X (see Ref. [61)
can prove that瓜 and Mh satisfy inf-sup condition:

Using the same technique as Ref. [71

suv,,E
h(99", Vb)
}}7，*{};，〕R打Th}!.， (Vq'h任Mh)

where夕>0 is a constant independent of h and k. And let L be a positive integer, k二‘,1L be

the step width of time,‘(”)二nk, 0‘n(L;(u又,Ph,双)E Xh、从 、叭the MFE
approximation corresponding to ( u ( a (0) )，p(t(n))，T( t(̂)))二(u",p",T"). Then, the fully
discrete MFE solution for Problem(I)’can be written as

    Problem(I h )   Find (uh, ph,片)〔X,, x叽 X叭，1‘n‘L, such that

(uh,Vh)+kf}n (ph, vh)一kh(ph,Vh)=kA (JTh, Vh)+(uh一 7，Vh)-

          kn,(uh'，u犷‘，Vh) (V Vh〔Xh)，

h(rph,uh)二0 (d qph〔Mh)， (6)

(T1� Y5h )+kd ( Th, 0h)二(7-A',ybh)一A.,(un',L"h',Sbh) (d A C_  R'h),

V1.二Prf, 二0,

一

了
一

where Phf is the L--projection of f onto叭，
It is proved in Ref. [4] that Problem(I,") has a unique stable solution and satisfies

小k"=(艺 II:(r T̀h) II，，+艺11 V ( u‘一“e) II。，*IIP"-P

一“”一uh}{，十}I尹一T;,}}、‘C(h+的 (7)

where C is a constant independent of h and k.

2  A Lowest Order Difference Scheme Based on W E Method

    The purpose of this section is to derive a lowest order finite difference scheme based on MFE

method for Problem(工'). To this end, we cut the domain t2 into a quasi-uniform regular and

right triangle set 0t,，and the vertices of each right triangle K is numbered as 1，2，3 according to
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counter hands of a clock, the right vertex of K is numbered as 2, see Fig. I

“=，二心.T -I

，。.，{，(.-v-0,7(O,gr)=7}0)   臼一，=0

T(t.)tt)=TO
乙

空 ，
u- 0.r‘O

0
0.3

Fig. 1   Schematic representation
          of element

Schematic representation

of physical model

Then, Problem(工才)on凡can be written as

u}hv}dxdy·、{、7·:、·:vt,dxd y ha_vhaxdxdy二r
胜姗

hdxdy鄂丁、u, h 'vr,dxdA :一*{;
*r。::1势立与
JK 一 0了

hdxdy (b:*E P,(凡)) (8)

av

诊dxdy.外丁、u;hv,,dxdyA ·。‘丁二;·孟、·V vhdxdy ‘丁二
丁、u"h'vhdxdyR ·。丁，

、丁、·:、。aldohlay hdxdy
。丁*Thv,,dxdy ·:_1 a7L;h1u�, a hdxdy吹

(9)

(l0)

(V:;〔P,( K,))

丁、，*a }A, hax dxdy·丁、*、a u2 hay dxd，二。(V "a E P.(凡))

丁、T;L,,dxdyA ·‘{、:T, p 0hdxdy
a T'v ,

ohdxdy 
 
 
 

U

 
 
 
 
 
 

人

l

︸

 
 
胶丁、。'Ohdxdy a劣

“、.{*
    ，d双-}

u签h} 9丁 Ohdxdy
          甘少

_l

(V0 E P,(K;)) (11)

Note that (8)一(]I ) are a sufficient condition which Problem(I ti ) holds
can denote by

ie.}，P又and双on式

二“;，丸

二T;, n

        1

pi,“14-

+<t y,入:牛uy3U久3

+T几 x3+TJa�

p0dzdy,

(1二1,2)

{:;一
刃呀

嘿

(14)
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where ,l,，朴and石are

measure of triangle K.
Ref. [9])，one can get

barycenfric (see Ref.仁8] or Ref. [9[)，乙二二

Then, by the properties of barycentric coordinate(see
_h
Pet

/2 is the

  8 ] or

、
1

1

加

、
卫
了

、
1
厂
了

气
︸

6

7

n入

0
了

t
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..
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J!

，.
.

1

尹J
气
、

‘‘

了

、

/
‘
、

护了.
、

2  a     aW ax-,   a'二2  a一aa},)。扩
Vote that拟 +朴 +七 二

2
一h

1 on凡

二 0,

二 0

努
货

 
 
，~一h’

呈
h

wehave姚矛执1---丫
2
-h
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-一

 
 
1

、
.
.
J

咋
论

几
日

T

T

  a畔 a补
+e百万a丁二

奴
-八

川
一叭

·a Tha z,丛扮
执
一汾

双
-拍

子

︸刁

巡
无
哪
沁
                    7T;,二

Thus, (11) can be written as

    丁*(二‘」·T,; A

畔，T 一T;, )

+T;3A,)x,dxdy+

肖二f2  f,;I} J L(二一二aimax·。::一:。)a z'" ] d. dy:二
T;3'A3)Amdxdy-

几

玲

丁、(70i1A1·T"-'l=+

‘、丁:‘·:。1、、二:1

。{、(Un-1、一:、、2

+ u",j1A,) h ( 771’)dmdxdy

+ a:、*」)是(‘一职71)d,dxdy
(m =1,2,3). (20)

Using the properties of barycentric coordinate again, or.e can get

一23

  50

一23

(21) 
 
 
 
 
 
 
 
 
 

一-

、

一

了

耳

瑕

片

肠

23

-

干

.‘

二
、

where

、、
，
了

、
1
护

内
户

又
今

，
自

，
︼

了
..
飞

厂

、

F;、二27"1 7+7"_ 3+I-i3
      2Ah(2 +un--i+

F;:二T0 I’十2 7n,-'+7";

      2lh心n，十2心1了，

+2Ah(2.M'+u,r}+。窗)(双{

u 11s) ( 70=’一r3')，

+2A 、2u;='+u留)(职i

试I3')(职三’一乃不’)，

T';=' )+

70, t〕十
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凡3二7"-上'+7";=

    2dh ( (Dill'+

+2r-I3+2xh(武引+试讨

Gn'-1+ltd 1131 ) ( Ti'-‘一7T-，1)

+2 ui_31) ( Til’一Ti=' )+

(24)

Solving (21) can yield

T;,二)Ti

      2Ah(

F 7n̂  1、玲’+2,1h ( u乞，+ u" -1+}n夕)(只11 7"-1)十

，‘笠八，+u理，扩+uai )(双三’一只、’)」/4+

      [771黑「’+575 7"=1+479职，‘+

    2d1, (771 a',2,'+575 u0;,'+479 a 020 ( 7"I-’一尺_' )+

    2A (771。飞71+575 u嗜}2' + 479 u飞13， )(}=’一双g1)]/7300,

Ti',-二[Til‘十7n刽十713-飞+2 Ah( u(封+u"衬+ai23 ) (   i '一70; +

    2A (1Lal'十“貂 十u}i131 ) ( 70_’一70;3 1) 1 /4十

    1    575 7"j’+675玲’+575 7",_,'+

    2 A. (575 u":,'+675 u 0:_'+575 u1=3 ) ( 7"; 1一70=1)+

    2dh (575 uiul+675 u飞几，十575 u飞言)(玲’一职了’)]/7300,

聪 !{双于’，7",=’+玲，十2)Lh(u临，十。飞封+“飞云，)(双f，一玲’)+

    2 xh ( .1111+1111-,'+.1131 ) ( 7-11-’一，七')1 n3 /4+

【479只’+575玲’+771双37s+

2Ah (479u飞n+575.1衬+7710,口)(职_11

2,1h (479 u";,'+575.,--,+771 u临‘)(八=1 (27)

Using the same technique as (21)
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Ji，二2h(2.121'+u1w'+ui23 ) ( ulil，一u:i_I )+2h(2u1,1'+u11.+u11, i )·

      (an12 1i1̂_一U' 13I)+(241' + u;讨+u113， )，

五12=2h(u",11干2 u"封十。窗)(。号八，一u飞几，)+2h(u飞八‘+2u,_1+。居乃‘)·

      (::飞几‘一，r0司)+(un-ttrill+2u",超+u0衬)，

关 二2h(。号夕+“飞封十2u飞盆)(u节扮一u号衬)+2h(.飞讨+。飞超十2u飞口、·

      (u1121一。飞13' )+(u 111+u讨+20澎)

人2l二几(2 Ti,+T"十Ti3)十2h(0u"扩十u飞讨十u";讨 ) ( u与，一u飞夕)+

    2h(2 +“节12+。飞忿)(u;2_‘一u牛夕)+(2ual'+u节讨+u与，)，

关2:二;(T3十2T+此)+2h(u飞打+2u璧打+u飞打)(1t褚封一U1封)+

    2h( U1111+t U, 1-2,+u1-31) (u1=,，一，Ln-31 )+(Itn_il+2u1='+U12-31 )，

关二= A(T欲*T人+2此)+2h(二飞岁+二借封十2u飞召)〔“飞刃一“飞封)+

    2h(。飞粼+u飞讨+2u飞司)(。飞封一二留)+(。飞打十。飞列十2u飞夕)，

Solving (28) can yield

Pn 丽I18(1 +36p)}2( X111 u1,z1) ( u1�t一。1,31 )+(。堆忿

(u 1=i’一。留)2- +川。留 一24.12-21

产(u愁-产(u愁、1p(u}ll一24 u"讨+23 0言)(u",讨-

p (73 u.';=1‘一24.1=2-1一49 uixs) ( u'i_11

f. (73 ulti一24u留 一49 alts )(.1=21

+23 .1231) ( u"超

U1t_I )+

一u1 }1)+

一uri )}+

Ut131)十

0-Ill} )+

          1

36h(1+

产(u;1，

p (73 u";_,

36刃[(u"衬一ui13 )、(u
24 a";_' +23 u"ist )

一24 一49 u0 ,t

1,.k (73 Tit

u} __1 )十洲 Tit一T幼

24 T 一49玲)+

(29)

+

刘

uil〕 二 i11一u,忿) ( u"2-,1一“i封)十

(u;=,

(，‘节。

,u (73

),(73

)2十产(u晗五，一24u履五，+23u飞2)(u飞忿
)"+k ( u"I t，一，ui起+23uus)(u"扮

u7rlt )+

n'̂1)+

u 'e II

u[ 7i'

24 u", '一49 u ";j ) (心   n1一umt)

24 u"1-_'一49uii" ) ( a,-i一“留)j

+

+

3不厄落不1 + 48,u30 +240(1 +36p)(1 +721,)(u一“}tu3 )
a (Tn一T",_)一K( u .1i一24u;;3+23u;,3) +

flan (73 T�一24 T一49 T;3)+,e (73 u',2,'一24u; ='

:版[2hu"_3(uiai一uil,I )·2 hu0;jl ( u"-_I-

+(衅封一u )十

一49 u0=,' ) ]+

uni3 )+u}- 13， 1+

  一里」p 「。;:』卜，土n-I
. ，， L~介 、~‘引 . 一‘二
1 十 户~产

+u锡‘)+(u借几‘一7L0}}' )+
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2h( I, 1H,、，‘飞衬+la0;胃)(it n_'1

  卫4p - fZ人(u
24fc)(1+72te )‘

Zh ( u." u飞.‘)(u飞付一u号:，)

It飞言)十(u"gill+Ury'1;u"131 ) 1+

一。飞:，)fu飞山，一。}-1 tal.)十

十41171一a"111，
l(l+

(30)

u,1, 2u"1十
2h

3(1+24k)(1刃36斌[2(u"il，- u"忿)(1!"-1IL i1_
ut'1 u"夕)2+ /I(-"-1，一24.;_I +23u;-;)( u"1_l-

，‘(。节八，一24u飞超+2311'131)(1!"1)-

一“飞

u"111 ).z )‘
Uii I)+

一P归3ra"_ 1

k(73u琴。

24吠夕一49u留)(。留 -
24 u"拟一49心言)(n-Iu,--

。鉴，)+

u,当 )1+

几

日3A一{
+ 2401干36}e ) } ( u";,一“n几 1i13 )+(u;_1

貂 +23 0 0' )+

u "22' )+

T)一fr(u"汀一24 ,e

娜(73畔

2h( t7"12'
2h( ,u钻’

一24 T;=一49 T,',)+浏73 a s1'

十it'] 21千"竺 13')(u,11’一。1111 )

一24u留 一49u;}3')1+

+，，件n+u飞几，+u!13'+
+ 口a-1uz+ 口iIvl)( u"-,I n-103)+

。筑12h( a'-1 + 24k ’一,l i.1' ) ( IL i}11
2h( u}13'一u}ii )(u"-1一。7i,,)+

一‘eu2')

嵘{3l-

+

u"u'

ui� = “‘曰 30 +240(1 +361e)1"(
2h

u"u'一u尽) ( u i_2,一unz31)十

( It}ni’一u122})2+川u1?1
(u?e，一。'i 131)+p ( u111 u 0�2

+ 23 wins') ( u 112
2321-.0( u11-"

a il-I )+

u121‘ ))-

71)+

干 uT i 1-;1 )+

洲

匆

洲73u留 一24u留 一49a甘)〔。公 -
1, (73 一24uir1一49u留)(。胃-

I+0-;11
不124p) (I + 36p)仁( u11=一。,13')" +( 021，一u1==} )+

24 u;忿十23 u飞言)干群又(73 Ti,一24 T一妙Ti")

几(T;,

+

73
“_勺

6 i�

了
月
1
民

.

2
‘

3

尸

严 一240,封一49u写)】-

t2h( u;-1一。1z11)( u1i11

2h(1/ i l 1一ui111) (v'ilz一U i13 )、

一u;讨)十

II1}31一On']

。几3           16如
+24p)(1+36p)(1+
v̀1一u",,=1) ̀十p ( 131211

万正[2(u �'722 ) 一4-2')u‘,_ 0-23 +

24 u0,封+23u!3')(01-2'

丫 一。弋门，)2十川衅扮一24诚起+23吠忿)(喊.矛 uric}:
p (73 u"ai‘一24 a，一49u0,.J)(u;_,，一u留)+

u(73ut�'一，u0-_'一49 oils') (u",-,一0c")1+

76 ll3' )+( u i21‘一。̀召)十

ACT'一T)一{R ( ui�t一24 0夕+23 u"; 3' )+
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Equations (25) -- (27) and (29)一(35) make together up a lowest order finite

            (35)

difference scheme

based on MFE method for non-stationary

Eqs(12)一(14) can vield the formulae
natural convection Problem(工)Inserting them into

of un二(“号*，[tih)，P又，and T又on R;.

3  Numerical Example

In this section, we present two examples to simulate the close square cavity showing the
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efficient ofour lowest order difference scheme based on MFE method

:{::
of the close square cavity are two walls of constant temperature

厂nto above side and below

，and the left side and right

are two insulated walls, see

there is difference Of temperatureFigon
2. And there is only air in the close square cavity

the above side and below side in the close squar

there is natural convection in the close square cavity

cavity as月
”hovc vertex

0 x [0,l and cut几 into 100 x

Let us take the domain of the close

100 small squares, and then link

and right

According
be written

to the array

as

below vertesx of each square to form two triangles
of total knots. the values of numerical solution(“

Thus h 二 k 二

.Since

cavity ,

  squ肚e

the left

  ()01

兮、，T戈)at all knots can

n1h(0I"4h(.I，;{二
罕、心100,1)

;ah(s，100)

h(0 = u.; h

= n'ht，， 二二 己'h

(100,1)二0

(、，loo)二0

`1--

毛 .x 毛100);too);
(0

(0

付

0)

“

段

u;(s,l)二 u; )!，，、‘一，，。

            u0:二!、. ,ill+
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Fig. 3  Velocity vector at different Ra
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Conclusion  Our numerical results, which are only used for a fast degree element for the

velocity and the temperature,  and a zero

comparison with those of other finite differen

gree element for pressure
scheme(see Refs.)1一2

菠江e VCR   ideal in

inlly, our

de

ce
finite difference scheme based

cases, forexample, Ra=100

mixed finite element method

000, and can find together the

can deal with}).very R
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big六a.-number

numerical solutions of the velocity

the pressure, and the temperature
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  Fig. 5  Pressure field at different Ra-value
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